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Abstract. In this note we prove that the A 1 -connected component sheaf 
a-Nisi^o (%)) of an //-group X is A^invariant. 
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1. Introduction 

Let Sm/k denote the category of smooth, separated fc-schemcs and let 
PSh{Sm/k) denote the category of presheaves of sets on Sm/k. A functor 
X : A op — > PSh(Sm/k) is called a simplicial presheaf or a space. Here A is 
the category of simpliccs. Let A op PSh(Sm/k) denote the category of spaces. 

A op PSh(Sm/k) has a local model category structure with respect to the 
Nisnevich topology called the injective Nisnevich model structure. A morphism 
/ : X — Y y is a weak equivalence if the induced morphism on the Nisnevich 
stalks are weak equivalences of simplicial sets. Cofibrations are sectionwise injective 
morphisms and fibrations are defined using the right lifting property (see [4, 10]). 
The resulting homotopy category is denoted by H s (Sm/k). 

The Bousficld localisation of the local model structure on 
A op PSh(Sm/k) with respect to the class of maps X x A 1 — > X is called the 
A 1 -model structure (the A^modcl structure for simplicial sheaves on Sm/k 
described in [10] was extended to simplicial presheaves in [5]). The resulting ho- 
motopy category is denoted by H(fc). 

For any space X, define Wq (X) to be the presheaf 

U £ Sm/k ^ Homn( k )(U,X). 

The presheaf itq 1 (X) is homotopy invariant, i.e., for any U £ Sm/k the morphism 
7Tq (X)(U) — > 7Tq (X)(Au), induced by the projection A^ — > U, is bijective. 
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Let a-Nis ■ PSh(Sm/k) — > ShNis(Sm/k) denote the Nisnevich 
sheafification functor. The following conjecture of Morel states that the above 
property remains true after Nisnevich sheafification. 

Conjecture 1.1. For any U E Sm/k, the morphism 

amsi^ 1 (X))(U) -> a Ni .(itf (X))(A$j), 
induced by the projection Ajj — > U , is bijective. 

In this paper, we prove the conjecture (theorem 3.15) for i?-groups (definition 
3.1) and homogeneous spaces on these (see definitions 3.3, 3.4). 

Acknowledgements. I thank Professor J. Ayoub for his suggestions and guidance 
during this project. 

2. Generalities on the Nisnevich local model structure 

In this section we briefly recall the Nisnevich Brown-Gersten property and give 
some consequences on the ttq functor. 

Recall ([10, Definition 3.1.3]) that a cartesian square in Sm/k 

W *V 

p 

U — U-X, 

is called an elementary distinguished square (in the Nisnevich topology), if p is an 
etale morphism and i is an open embedding such that p~ l (X — U)—> (X — U) is an 
isomorphism (endowing these closed subsets with the reduced subscheme structure) . 

A space X is said to satisfy the Nisnevich Brown-Gersten property if for any 
elementary distinguished square in Sm/k as above, the induced square of simplicial 
sets 

X(X) *-X(V) 



X(U) ^ X(W) 

is homotopy cartesian (see [10, Definition 3.1.13]). 

Any fibrant space for the Nisnevich local model structure satisfies the Nisnevich 
Brown-Gersten property ([10, Remark 3.1.15]). 

A space is A 1 -fibrant if and only if it is fibrant in the local model structure and 
AMocal ([10, Proposition 2.3.19]). 

There exist endofunctors Ex (resp. Ex&i) of A op PSh(Sm/k) such that for any 
space X, the object Ex(X) is fibrant (resp. Ex&iX is A 1 -fibrant). Moreover, there 
exists a natural morphism X — > Ex(X) (resp. X — > Ex&i (X)) which is a local weak 
equivalence (resp. A x -weak equivalence) ([10, Remark 3.2.5, Lemma 3.2.6, Theorem 
2.1.66]). 

Remark 2.1. For the injective local model structure all spaces are cofibrant. Hence 
for any space X and for any U £ Sm/k, 

Hom^ ASm/k) {U,X) = n (Ex(X)(U)). 
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Since Ex^i(X) is A 1 -local, 

Hom n ( k )(U, X) = Hom li3 ( Srn/k) {U,Ex h i(X)). 

Moreover Ex&i (X) is fibrant. Hence, 

Hom H{k) (U,X) = ir (Ex A i(X)(U)). 

For any space X, let n (X) be the presheaf denned by 

U G Sm/k Hom Hs ( Sm/k )(U 1 X). 

Theorem 2.2. Let X be a space. For any X £ Sm/k, such that dim(X) < 1, the 
canonical morphism 

MX)W -> a Nia (n (X))(X) 

is surjective. 

Before giving the proof we note the following consequence. 
Corollary 2.3. For any space X , the canonical morphism 
4 1 (*)(AJ.) -> a Nia (i£ '(*))(Aj.) 
is bijective for all finitely generated separable field extensions F/k. 
Proof. For any X G Sm/k, 

4 1 (X)(X) = 7T (Ex A iX)(X). 

The canonical morphism 

T^VXAj.) -> ajvi s ( 7 r^ 1 (^))(A^) 

is surjective (applying theorem 2.2 for the space Ex^i(X)). On the other hand, 
consider the following commutative diagram 

4\X)(A1 F ) 



a JVis (4 1 (A'))(A^) ^a Ws (4 1 (A'))( J F), 

where the horizontal morphisms are induced by the zero section F A^. The 
top horizontal morphism and the right vertical morphism are bijective. Hence the 
left vertical surjective morphism is injective. □ 

The proof of theorem 2.2 depends on the relation between homotopy pullback 
of spaces and pullback of the presheaves of connected components of those spaces. 

Let / be a small category. There is a functor (//—):/—)• Cat such that for any 
i £ I, (I/—)(i) = I/i. Here Cat is the category of small categories and I/i is the 
over category. There is a functor N : Cat — > A op Sets, such that for any J G Cat, 
the simplicial set N(J) is the nerve of the category J. Define N(I / — ) := iVo (//—). 

A set 5" will be considered as a simplicial set in the obvious way : in every 
simplicial degree it is given by S and faces and degeneracies are identities. These 
simplicial sets are called discrete simplicial sets. 

Lemma 2.4. Let X : I — > A op Sets be a diagram of discrete simplicial sets. Then 
UmiX = holimjX. 
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Proof. By adjointness ([1, Ch. XI 3.3]) 

Hom{A n x N(I/-),X) = Hom(A n ,holimiX). 

The fucntor 7r : (A^Sets) 1 -> (Sets) 1 is left adjoint to the fucntor 
N : (Sets) 1 — > (A^Sets) 1 , where N maps a diagram of sets to the same dia- 
gram of discrete simplicial sets. Hence Hom(A n x N(I/—),X) = Hom(»i,X), 
where •/ is the diagram of sets given by the one element set for each i £ I. But 
Hom(»i, X) — Hom(»,limiX), by adjointness. Therefore, we get our result. □ 

Remark 2.5. Let X : I — > A op Sets be a diagram such that each X(i) is fibrant 
for all i £ I. The canonical morphism X(i) — > T7 a (X(i)) induces a morphism 
holimi(X) —} limjTTo(X). This gives the following morphism 

(2.1) Tr (holimi(X)) — > limjn (X). 

Lemma 2.6. Suppose that I is the pullback category 1 — > 2 and let 

D : I — > A op Sets be a digram X A Y A- Z such that X, Y, Z are fibrant. Then the 
map (2.1) is surjective. 

Proof. By [1, Ch. XI 4.1. (iv), 5.6] holim I (X) = X' x Y Z, where X -4 X' ?U Y 
is a factorisation of p into a trivial cofibration followed by a fibration p' . Since 
ttq(X) = ttq(X'), it is enough to show that 

7T (X' Xy2)4 TTo(X') X MY ) MZ) 

is surjective. So we can assume that p is a fibration. Let s 6 ttq(X) x^y) ttq(Z). 
s can be represented (not uniquely) by (x, y, z), where (x, z) £ Xq x Zq and y E Y\ 
such that do(y) = p(x) and d\(y) = q(z). Since p is a fibration, we can lift the 
path y to a path y' G X\ such that do(y') = x and x' := d\(y') maps to q(z). 
holimjD = X Xy Z. Therefore (x\z) € holimjD which maps to s. This proves 
the surjectivity. □ 

Remark 2.7. Under the condition of lemma 2.6, the map (2.1) may not be infec- 
tive. Indeed, ifY is connected, X is the universal cover ofY and Z = then (2.1) 
is infective if and only if Y is simply connected. 

A nocthcrian fc-schemc X, which is the inverse limit of a left filtering system 
(X a ) a with each transition morphism Xp —> X a being an etale affine morphism 
between smooth A;-schemes, is called an essentially smooth fc-scheme. For any 
X G Sm/k and any x G X, the local schemes Spec(Ox.x) and Spec(0\ T ) arc 
essentially smooth fc-schemes. 

Lemma 2.8. Let X be a space. For any essentially smooth discrete valuation ring 
R, the canonical morphism 

n (X)(R) -> a Nis (7r (X))(R) 

is surjective. 

Proof. By remark 2.1 we can assume that X is fibrant. 

Let F = Frac(R) and let R h be the henselisation of R at its maximal ideal. 
Suppose s G aNis(^o(X))(R). Then for the image of s in aNis(no(X))(R h ), there 
exists a Nisnevich neighbourhood of the closed point p : W Spec(R) and 
s' G no(X)(W), such that s' gets mapped to s\w & aNis(^o(X))(W). Let 
L = Frac(W). For any finitely generated separable field extension F/k, the 
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map no(X)(F) — > aNis(^o(X))(F) is bijective. Hence, s'\l is same as s\l- Wc 
get two sections s' £ ttq(X)(W) and s\f £ ttq(X)(F), such that s'\l = s\l- 
By lemma 2.6 and the fact that X satisfies the Nisnevich Brown- Gersten prop- 
erty, we find an element s v £ ttq(X)(R) which gets mapped to s. Therefore, 
ir (X)(R) — ► aN is (ir (X))(R) is surjective. □ 

Proof of theorem 2.2. Let X £ Sm/k and dim(X) = 1. Let a be an element of 
fflJVi*('7ro(^0)(-X')' This a gives a p £ aAri S (7To('^'))(Ox.p) for every codimension 1 
point such that a p |_R-(x) = a <j|if(x), for all p,q £ X' 1 ). By the surjectivity 

of 

7r (#)(Ox, P ) ^ a iVi s (7ro(^))(Ox,p) 

and bijectivity of 

ttq^X^PO) -> a Nls (it (X))(K(X)), 
we get elements ct^ £ ttq(X)(Ox,p) mapping to a p , such that a' p \x(x) = a ' q \K(x) 
for p,q £ X^\ 

Fix a p £ X^\ There exists an open set U and f3 £ ttq(X)(U), such that 
P\o x ,p = a 'p- Let /?' £ aNi S {TTo(X)(U)) be the image of (3. Suppose that (3' ^ a\u, 
but /?'|o Xp = a p- Hence there exsists U' C U, such that /3'|cr/ = a\u' ■ 

So we can assume by Noetherian property of X that there exists a maximal open 
set U C X and a' € 7r (A')(J7), such that a' gets mapped to a\a- li U ^ X, then 
there exists a codimension one point q £ X \ U . We can get an open neighborhood 
U q and an element a" £ Tto(X)(U q ), such that a" gets mapped to ot\u q - But by 
construction of these a", a' we know that a"|x(x) = a 'lx(x)- Hence there exists 
an open set U' C U q n ?7, such that a"|y/ = Let Z = C/ 9 n C/ \ /J'. Since 

dim(X) = 1, the set Z is finite collection of closed points. Therefore, Z is closed 
in U. Let U" = U \ Z be the open subset of [/. Note that {/" n U q = U'. Denote 
U" U U q = U U C/g by V. 

Let a'\u" £ ^o(X)(U") be the restriction of a! to t/". Hence, a'\u" gets mapped 
to a|[/'' and a'|c/" restricted to U' is same as a" restricted to U' . As X is Nisnevich 
fibrant, it satisfies the Zariski Brown-Gersten property. By lemma 2.6, we get a 
section sy £ ttq(X)(V) which gets mapped to s\v- This gives a contradiction to 
the maximality of U. This finishes the proof of the theorem. □ 

3. if-GROUPS AND HOMOGENEOUS SPACES 

In this section we prove AMnvariance of axisf^o ) f° r -groups and 
homogeneous spaces for fl-groups. 

Definition 3.1. Let X be a pointed space, i.e., X is a space endowed with a mor- 
phism x : Spec(k) — > X . It is called an H-space if there exists a base point preserv- 
ing morphism /i : (X x X) — » X , such that fi o (x x idx) and fi o (idx x x) are equal 
to idx in H(fc). Here X x X is pointed by (x,x). It is called an H-group if : 

(1) fi o (fj, x idx) is equal to fi o (idx X A*) in H(fc) modulo the canonical iso- 
morphism a : X x (X x X) ^ (X x X) x X . 

(2) There exists a morphism (.)* : X — > X, such that fi o (idx, (■)*) an d A 4 ° 
((.)*, id^) are equal to the constant map c : X — > X in H(fc). Here the 
image of the constant map c is x. 

Remark 3.2. Recall from [10, 3.2.1] that 

Ex A i = Ex G o (Ex G o Singff o Ex G . 
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The fucntors Ex 5 and Singf commutes with finite limits by [10, 2.3.2, Theo- 
rem 2.1.66]. Also filtered colimit commutes with finite products. Therefore, Ex&i 
commutes with finite products. If X is an H -group as described in 3.1, then the 
morphisms Ex\i(x), Ex^i(fi) and Ex&i ((.)*) satisfy the conditions of the definition 
3.1. Hence, Ex^i^X) is also an H-group. 

Suppose that a,b,c G Tro(Exji k i(X))(U) for some U G Sm/k. Let f,g : y — > Z 
be morphisms between A 1 -fibrant spaces such that f is equal to g in H(fc) , then f 
and g are simplicially homotopic. Using this, we get (j,(a, fj,(b, c)) = ^t(/i(a, 6), c), 
n(a,x) = a = [i(x,a) and fi(a,a*) = /i(a*,a) = x. Hence, ■nQ(Exp s i(X)) is a 
presheaf of groups. 

Let X be an 7?-group. Let y be a space. 

Definition 3.3. The space y is called an X-space if there exists a morphism 
a : X x y — > y, such that the following diagram 

x x (x x y) ^ x x y 



ax xidy 



x x y. 



y 



commutes in H(fc). 

Definition 3.4. Let X be an H-group and let y be an X-space. y is called a 
homogeneous X-space if for any essentially smooth henselian R, the presheaf of 
groups ttq (X){R) acts transitively on 7Tq (y)(R). 

Remark 3.5. y is a homogeneous X-space if and only if the colimit of the diagram 
ttq (y) 7Tq (X) x ttq (y) — > 7Tq (y) is Nisnevich locally trivial. 

Lemma 3.6. // 




is a homotopy cocartesian square of spaces then, after applying a^isi^o) 
a cocartesian square of sheaves. 



one gets 



Proof. Let S G PSh(Sm/k) and let t(S) be the simplicial presheaf such that in 
every simplicial degree k, i(S)k = S. The face and degeneracy morphisms are 
identity morphisms. This gives a functor l : PSh(Sm/k) — > A op PSh(T) which 
is right adjoint to t:q. Hence aNi S (TTo) also has a right adjoint t : Sh(Sm/k) —> 

A op Sh(Sm/k). This implies, 0^,5(71-0) commutes with colimits. Let B — » A' A 
A be a factorisation of B — > A, such that / is a cofibration and g is a trivial 
fibration. Homotopy colimit of the digram A C is weakly equivalent to the 

colimit of A' <— B — > C. As clj\h s (tto) commutes with colimits and a n is ("oC^)) — 
aNis{^o(^')), we get our result. □ 

Corollary 3.7. Let y be an X-space. y is a homogeneous X-space if and only if the 
homotopy pushout of Ex&i (y) <— Ex&i (X) x Ex&i (y) — > Ex&i (y) is connected. 



Proof. The proof follows from lemma 3.6 and remark 3.5. 



□ 
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Lemma 3.8. Let y be an X-space. y is a homogeneous X-space if the homotopy 
pushout of y 4^ X x y A- y is connected. 

Proof. By [10, corolarry 2.3.22], the canonical morphism 
aNi S (K (X)) -> a Nis (ir$ (X)) (resp. a Nis (ir (y)) -> a Nls (ir$ 1 (y)) is surjective as 
morphism of Nisnevich sheaves. Hence, Nisnevich locally the action of aNi S (^o (<^0) 
on aNisi^o (y)) * s transitive. □ 

Lemma 3.9. Let G, G be groups acting on pointed sets S, S' by action maps a, a' 
respectively. Suppose that f : G — > G is a group homorphism and let s : S — > S' be 
a morphism of pointed sets with trivial kernel such that s o a = a' o (/ x s). If G 
acts transitively on S , then s is injective. 

Proof. Let b$ (resp. bs>) be the base point of S (resp. S') and let a,b £ S. Since G 
acts transitively on S, there exist g, g' £ G such that a{g, bs) = a and a(g' , 65) = fe. 
If 3 (a) = s(b), then a'(f(g),b s >) = a'(f(g'),b s >). Hence a'(J(s- x .^),b 8 ') = b S >- 
So s(a(g~ 1 .g' ,bs)) = bs>. But s is a morphism of pointed sets with trivial kernel, 
therefore a(g~ 1 .g' , &s) = bs- This implies a = a(g, bs) = a(g', bs) = b. □ 

Let Sm/k be the category whose objects are same as objects of Sm/k, but 
the morphisms are smooth morphisms. The following argument is taken from [8, 
Corollary 5.9] 

Lemma 3.10. Let S be a Nisnevich sheaf on Sm/k. Suppose that for all es- 
sentially smooth henselian X, the map S(X) — > S(K(X)) is injective. Then 
S(Y) — > S(K(Y)) is injective, for all connected Y £ Sm/k. 

Proof. Let 5" be the prcsheaf on Sm/k, given by 

X e Sm/k^Y[S(K(X t )), 

i 

where X^s are the connected components of X. Then S' is a Nisnevich sheaf on 
Sm/k (as every Nisnevich covering of some X £ Sm/k splits over some open dense 
U C X). The canonical morphism S — > S' is injective on Nisnevich stalks. Hence 
S — > S' is sectionwise injective. □ 

Corollary 3.11. Let S be a Nisnevich sheaf on Sm/k. Suppose that for all 
essentially smooth henselian X, the map S(X) —> S(K(X)) is injective. Then 
S(Y) — > S(U) is injective for any Y £ Sm/k and any open dense U C Y . 

Proof. We can assume that Y is connected. By lemma 3.10, the morphism S(Y) — > 
S(K(Y)) is injective and S(U) -> S(K(Y)) is injective, hence S(Y) -> S(U) is 
injective. □ 

Lemma 3.12. Let S be a Zariski sheaf on Sm/k, such that S(X) — > S(U) is 
injective for any X £ Sm/k and for any open dense U £ X. Then S is A 1 - 
invariant if and only if S(F) — > S(Ap) is bijective for every finitely generated 
separable field extension F/k. 

Proof. The only if part is clear. We need to show that for any connected X £ Sm/k, 
the morphism S(A] < -) —> S(X) (induced by the zero section), is bijective. Let 
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F := K(X). In the following commutative diagram 

S(A*.) >S(X) 

S(AJ.) »- 5(F) 

the left vertical, the right vertical and the bottom horizontal morphisms are injec- 
tive, thus the top horizontal surjective morphism is injective. □ 

We recall the following from [6] and [8, Corollary 5.7] 

Theorem 3.13. Let X be a smooth (or essentially smooth) k-scheme, s € X be 
a point and Z C X be a closed subscheme of codimension d > 0. Then there 
exists an open subscheme Q C X containing s and a closed subscheme Z' C 0, of 
codimension d — 1, containing Zjj := Z C\Q and such that for any n G N and for 
any A 1 -fibrant space X, the map 

n n (X{Q/(Q - Z Q ))) ->■ 7r n (#(n/(n - Z'))) 

is the trivial map. In particular, if Z has codimension 1 and X is irreducible, Z' 
must be Q. Thus for any n G N the map 

is the trivial map. 

Remark 3.14 ([8]). Let X be an essentially smooth local ring and let x be the 
closed point. Let U C X be an open set. We have the following exact sequence of 
sets and groups for any A 1 -fibrant space X : 

■■ • -> iri(X)(X) -> tti(*)(E0 -> n (X){X/U) -> n (X)(X) -> 7r (*)(l7) 

Applying theorem 3.13 to X and its closed point x, we see that Q = X and the 
morphisms 

TT n (X)(X/U) -> 7T„(Af)(X) 

are trivial. Hence the morphism of pointed sets 

7T (X)(X) -> 7T (^)(tO 

ftas trivial kernel. Taking colimit over open sets, this gives the morphism of pointed 
sets 

7T (X)(X) -)■ 7t Q (X)(K(X)) 

which has trivial kernel. In particular if X is henselian, then the morphism of 
pointed sets 

a Ni3 (7ro(X))(X) -> a Ni3 (7r (X))(K{X)) 

has trivial kernel. 

Theorem 3.15. Let X be an H-group and y be a homogeneous X-space. Then 
o-Nisi^o {%)) o,nd aNis(^o (30) are A 1 -invariant. 

Proof. For any connected X £ Sm/k and any x G X, the morphisms of pointed 
sets 

a ms (4\x))(0^, x ) -> a OT8 (4 1 (^))(^(0^ j J) 
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have trivial kernel by remark 3.14. By lemma 3.9 and the fact that ajyi S (nQ (X))(O x x ) 
is a group, the morphisms mentioned above are injective morphisms of sets. By 
lemma 3.10, for every X £ Sm/k, the morphisms 

a Nis (4\x))(X) -> a Nis (4\x))(K(X)) 

and 

am^ 1 (y))(X) -> a ms (4\y))(K(X)) 
are injective. Hence for any X £ Sm/k and any open dense subscheme U C X, the 
morphisms 

a Nis {-4\x)){X) am^o 1 (*))(U) 

and 

amsi^ 1 (y))(X) -> am^ 1 (y))(U) 
are injective by corollary 3.11,. Now applying corollary 2.3 and lemma 3.12, we get 
our result. □ 

Remark 3.16. If X is an H-group, then 

7rf(X)(R)^a Nis (4\x))(R) 

is bijective for any essentially smooth discrete valuation ring R. Indeed, using 
remark 3.14 one can easily show that for any essentially smooth discrete valuation 
ring R, the group homomorphism 

4 1 (X)(R)^4\X))(K(R)) 
is injective. On the other hand, consider the following commutative diagram 

4\X)(R) ^4\X))(K(R)) 

i 

" 

amsi^ (X))(R) Bffj.rf (X))(K(R)) 

where the bottom horizontal morphism is injective by theorem 3.15. The right ver- 
tical injective morphism is surjective by lemma 2.8. Hence it is bijective. 

4. Application and comments 

By gathering known facts from [11], [9, Theorem 2.4] and [2, Corollary 5.10] one 
can show that for any connected linear algebraic group G, such that the almost 
simple factors of the universal covering (in algebraic group theory sense) of the 
semisimple part of G is isotropic and retract A:-rational ([2, Definition 2.2]), the 
sheaf aNis(4 (G)) is A 1 -invariant. By 3.15, we have the following generalisation. 

Corollary 4.1. Let G be any sheaf of groups on Sm/k and B be any subsheaf of 
groups. Then a,Nis{4 (G)) is A 1 -invariant and aNi s (TTQ (G/B)) is A 1 -invariant. 
Here G/B is the quotient sheaf in Nisnevich topology. 

We recall from [8, Definition 7] the following definition. 

Definition 4.2. A sheaf of groups G on Sm/k is called strongly A 1 -invariant if 
for any X £ Sm/k, the map 

W Nis (X, G) -> H l Nls (A x , G) 

induced by the projection — > X , is bijective for i £ {0, 1}. 
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Let X be a pointed space. By [8, Theorem 9], for any pointed simplicial pcrsheaf 
X, the sheaf of groups aNi S (^o{^(ExA^ (X)))) = irf (X, x) is strongly A 1 -invariant. 
Here x is the base point of X and Vl(Exf,i (X )) is the loop space of Exj k i(X). So 
for any space X, which is the loop space of some A 1 -local space y, [8, Thoerem 9] 
gives the A 1 -invariance property for am s (7TQ (X)). We end this section by showing 
that there exists an A 1 -local if-group which is not a loop space of some A 1 -local 
space. This will imply that the statement of the theorem 3.15 for ii-groups is not 
a direct consequence of [8, Theorem 9]. It is enough to show that there exists sheaf 
of groups G which is AMnvariant, but not strongly AMnvariant. 

Let Z[G rn ] be the free presheaf of abelian groups generated by G m . 

Remark 4.3. For any X G Sm/k and a dominant morphism U — > X , the canonical 
morphism Z[G rn \(X) — > Z[G m ](C/) is injective. Indeed, any nonzero a G Z[G m ](JT) 
can be written as a = X)ILi a i-9i> where gi G G m (X) and a% G Z\{0} such that gi ^ 
9v f or i 7^ i' ■ Suppose a\u = 0, i.e., YH=i a i-9i\u = 0. Since G m (X) — > G m (U) is 
injective, gi\jj ^ 9i'\u f or i i' ■ This implies = for all i. Hence a = 0. 

The presheaf Z[G m ] is not a Nisnevich sheaf. But it is not far from being a 
Nisnevich sheaf. 

Lemma 4.4. The Nisnevich sheafification aj\rj S (Z[G m ]) is the presheaf that as- 
sociates to every smooth k-scheme X = Hj^Q, the abelian group JJ- Z[G m ](JQ), 
where X^'s are the connected components of X . 

Proof. Let T be the presheaf that associates to every smooth fc-scheme X = JJ. Xi, 
the abelian group Yli Z[G m ](Xj), where X^s are the connected components of X. 
It is enough to prove that J 7 is a Nisnevich sheaf. We need to show that for any 
elementary distinguished square in Sm/k 

W *~ V 

v 

U — U-X, 

the induced commutative square 

HX) *F(V) 

F{U) *-T(W) 

is cartesian. By the construction of T we can assume that X, W, V, U are connected. 
So, it is enough to prove that 

Z[G m ](X) *Z[G m ](V) 



Z[G m )(U) ^Z[G m ]{W) 

is cartesian. Let a G Z[G m ](U) and let b G Z[G m ](V) such that a\w = b\w- 
We can write a = Ylj—i a i-fi an d b = Ylj=ibj-9j-> where a,,6j G Z \ {0} and 
(fi,9j) G G m (U) x G m (V) such that ft ^ f v and g 3 ^ g r for all i ^ i' and j ^ /. 
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Since all the morphisms arc dominant, gj\w 7^ g-y\w and fi\w 7^ fv\w for all i ^ i' 
and j ^ j'. Hence, for every i there exists atmost one j such that fi\w = 9j\w- 
Suppose for some f# , fi'\w ¥^ 9j\w f° r au j ■ Then we can write 



where hk 7^ hk' for all k ^ k' and ^ hk for all k. This implies = 0, 
which gives a contradiction. Hence, for every i there exists exactly one j such that 
fi\w = 9j\w- Therefore, m = n. Also we can write a = X]™=i a 'i-fl> sucn that 
a\ = hi and f[\w = 9%\w- Since G m is a Nisnevich sheaf, we get g[ G G m (X) 
which restricts to // and gi. This gives a section c = S Z[G ro ](X) which 

restricts to a and &. The uniqueness of c follows from the remark 4.3. □ 

As G TO is pointed by 1, ajv«s(Z[G m ]) = Z©Z(G m ). Here Z is the sheaf generated 
by the point 1. Let A be a sheaf of abelian groups on Sm/k. To give a morphism 
G m — > A, such that 1 gets mapped to G A, is equivalent to give a morphism 
Z(G m ) — > A of abelian sheaves. Since G m is A 1 -invariant, ajvw(Z[G m ]) is A 1 - 
invariant. This implies Z(G m ) is A^^-invariant. 

Remark 4.5. Let o\ : G TO — > K_i IW be the canonical pointed morphism (see [8, 
page 86]). For any finitely generated separable field extension F/k, the morphism 
maps u £ F* to the corresponding symbol [u] £ K^ IW (F). The induced morphism 
Z(G m ) — > j£^ IW i s no i injective. Indeed, we can choose u G F* \ 1 such that 
u{u — 1) is not 1. The element [u(u — 1)] — [u] — [u — 1] is zero in K^ w (F), but it 
is non zero in Z(G m )(i ? ). 

Lemma 4.6. The A 1 -invariant sheaf of abelian groups Z(G m ) is not strongly A 1 - 
invariant. 

Proof. Suppose Z(G m ) is strongly A 1 -invaraint. Then by [8, Theorem 2.37], the 
morphism id : Z(G m ) — >• Z(G m ) can be written as cf> o o\ for some unique (f>. This 
implies o\ is injective which contradicts remark 4.5. □ 
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